Introduction
The class of moving boundary problems has phase change which is almost concerned with mathematical models of heat, diffusion, and oxygen tension equations. The main trouble of these problems is that the position of moving boundary must be determined as part of the solution. For this reason, moving boundary problems are accepted as non-linear problems. These problems commonly called as Stefan problems have limited analytical solution for special cases. Due to the shortage of the analytical solution, some numerical methods have been developed to solve Stefan problems. In the last few years, there have been considerable interests in the numerical solutions of the Stefan problems based on front-fixing methods and front-tracking methods. Several of these applications of mentioned methods based on finite difference and finite element method (FEM) can be seen in details [1] [2] [3] [4] [5] [6] [7] .
Formulation of problem
We deal with a 1-D Stefan problem which has a freezing process. In this problem, temperature distribution ( , ) U x t and the position of moving boundary ( ) s t are sought for whole of the domain 0 1 x ≤ ≤ . The part of region 1 2 0 ( ) ( ) 1 s t x s t ≤ ≤ ≤ ≤ is occupied by water and the other part of the region is occupied by ice. The initial temperature distribution in ice is symmetric about 0.5.
x =
The temperature distribution equal to -1 on fixed surfaces x = 0 and the ma- terial has phase change when the temperature of water is assumed to be zero. For initial values of moving boundaries 1 ( ) 0.25 s t = and 2 ( ) 0.75 s t = , the position of moving boundaries must be determined along with the temperature distribution. Because of the symmetry of this problem about 0.5 x = , it is sufficient to consider the region 0 0.5 x ≤ ≤ [8] . The function of temperature distribution ( , ) U x t is governed by the heat equation:
subject to the boundary conditions:
and initial conditions:
Recently, this problem has been solved with using a technique known as automatic differentiation. This method has been obtained by using a Taylor series expansion for the solution in which coefficients are computed by using recursive formulas derived from the heat equation itself [8] .
In this paper, firstly we have used variable space grid method and boundary immobilization method to get rid of trouble the moving boundary problem. Then the numerical solutions for the position of moving boundary have been obtained by using collocation FEM based on cubic B-spline basis functions. 
where m φ are trial function given by the following expressions and m δ are time-dependent variables which will be determined from boundary and collocation conditions for the Stefan problem. The cubic B-spline is defined by the following relationship: 
Variable space grid method
Murray and Landis [10] kept constant the number of space intervals between 0 and ( ) x x s t = = , equal to N , for all time. As a result of this, the moving boundary is always on the th N grid line. Consequently, the grid size must be
which is changed with the time. By applying partial differentiation with respect to time t , the following expression is obtained for a given grid line i x ∆ . Thus, for the line i x ∆ , we have:
and also a general grid movement at the x is expressed with the equation:
By substituting eq. (8) into eq. (7), the 1-D heat equation becomes:
subject to eqs. (2)- (4) boundary and initial conditions where ( ) s t is updated at each time step by using a suitable finite difference form of the Stefan condition
Therefore, we are going to use the following three point backward difference at the moving boundary [11] :
and forward difference approximation for d ( )/d s t t:
So, the iterative relation of moving boundary is obtained:
subject to: 
we obtain a recurrence relationship between two time levels and 1 n n+ relating to two unknown parameters 
where the coefficients of the finite element system is given:
where s is the position of moving boundary, s  -the velocity of moving boundary, t is initial time.
Boundary immobilization method
This method bases on using a suitable transformation / ( ) x s t ξ = that fixes moving boundary ( ) x s t = as fixed boundary 1 ξ = . Thus, physical domain 0 ( ) x s t ≤ ≤ transforms to fixed domain 0 1 ξ ≤ ≤ . This approach firstly was used by Landau and applied to many of moving boundary problems with the aid of finite difference and FEM in recent years [1, 7, 12] .
At the new co-ordinate system ( , ) t ξ , derivatives of U and reformulated eq. (1) can be written:
subject to boundary conditions:
along with the initial conditions:
Also for the Stefan condition (10), three point backward difference formula is written:
in the transformed co-ordinate system ( , ) t ξ . So, iteration relation for the position of moving boundary is obtained:
by using eqs. (11) To solve the system uniquely we need additionally two more equations. We can obtain these equations from the boundary conditions (2) by using these equations in the finite element system (14) and eliminating fictitious parameters numerical results than that of Finn and Varoglu [13] . In this paper, present numerical results will be compared with these numerical solutions and exact solutions of Rubinstein [14] for the position of the moving boundary. In tab. 2, numerical results obtained by using VSG-FEM and BIM-FEM are compared with the other numerical solutions [8, 13] and exact solutions [14] for the position of moving boundary at the element number 10 N = and time step 0.0005.
It is clearly seen that the numerical results obtained by the present methods are in excellent agreement with the exact solution and more accurate than the other numerical solutions. In tab. 3 the numerical results obtained using present method are compared with other numerical solutions and exact solutions for the position of moving boundary at the element number 20 N = and time step 0.0001. t ∆ = It can be seen that the present results are in good agreement the other numerical solutions and exact ones. In tabs. 4 and 5, to show efficiency of FEM based on VSG-FEM and BIM-FEM, the position of moving boundary are given for the larger element numbers and fixed time step 0.0005.
It is clearly seen that for the smaller mesh sizes the position of the moving boundary get closer to exact values of the moving boundary.
In this paper, firstly VSG and BIM were used to get rid of the trouble of the model moving boundary problem described as solidification problem. Then, FEM constructed with cubic B-splines was applied to solve the model problem numerically. The computational results compared with the other numerical solutions and exact solutions for the position of moving boundary. We have been reasonably more accurate solutions than the other numerical solutions for the parameters 10 N = and 0.0005 t ∆ = . Furthermore, FEM attains to expected convergence for the larger element numbers. 
